Shear modulus is one of the fundamental mechanical properties of materials, while its quick and accurate measurement is still a challenge. Here we proposed two methods for shear modulus measurement based on torsional resonance and torsional wave propagation using a same piezoelectric torsional transducer. Firstly, the torsional transducer was introduced which consists of two thickness poled, thickness shear (d 15 ) piezoelectric half-rings. Secondly, the equivalent circuit of the transducer-cylindrical specimen system is derived and the shear modulus can be explicitly obtained using the torsional resonance frequency. The internal friction can also be obtained, which is calculated by using an approximate formula. Then, the principle of shear modulus and internal friction measurement based on torsional wave propagation were presented.
Introduction
Elastic moduli are the fundamental material properties and of great importance in engineering and science. For isotropic materials, there only exist two independent elastic moduli, i.e., the Young's modulus (E) and the shear modulus (G). Currently there are quite a few methods that can be used to measure the Young's modulus and shear modulus. It is well known that the static moduli can be measured by using the applied quasi-static tension (compression) and torsion. If not mandatory, the quasi-static methods are usually not suggested as the testing errors are typically large which can reach 5% or even larger. Dynamic testing methods are generally of good accuracy and most methods are valid for both Young's modulus and shear modulus measurement. In a famous interlaboratory testing program in 1980s, 1 six dynamic testing methods were used, i.e., 1) free-free beam resonance; 2 2) Impulse excitation technique; 3 3) Ultrasonic wave velocity method; 4 
4)
Piezoelectric ultrasonic composite oscillator technique (PUCOT); 5 5) Ultrasonic pulse spectroscopy; 6 6) Magnetically excited resonance method. 7 The measured Young's moduli of two Inconel alloys using different methods agreed well with each other, with the maximum relative error of only 1.6%. However, in that program, measurement on the shear modulus were not reported or not conducted.
Actually, shear modulus is of special importance in solid state matters. For example, gradual variations of shear modulus had been observed in polymers, glass, metal glass, etc., during phase transitions (or glass transitions). [8] [9] [10] Thus, accurate measurement of shear modulus can be used to monitor these complicated physics process. Besides above-mentioned methods that can be used to measure both Young's modulus and shear modulus, [2] [3] [4] [5] [6] [7] there is also a special method only applicable to shear modulus measurement, i.e., the torsion pendulum. 11 It should be noted that the existing methods for shear modulus measurement were either somewhat inaccurate or not easy to conduct. The free-free beam method, 2 which measured the shear modulus based on the torsional 3 resonance of a rectangular bar-shaped specimen, is strongly dependent on the support location and support manner. Furthermore, to make the torsional resonance not very high (typically below 30kHz) to avoid the excitation difficulty, the length of the bar cannot be very short (typically larger than 80mm) and the thickness cannot be large (typically less than 3mm for metals), thus the fabrication errors on the thickness is difficult to control and this would introduce significant errors in shear modulus measurement. The impulse excitation technique, 3 which excites the specimen by a light mechanical impulse and analyzes the resultant transient vibration, required a complicated circuit and algorithm to extract the fundamental frequency thus the modulus. For the ultrasonic wave velocity method, 4 the shear modulus measurement were conducted on a bar or rectangular specimen. Typically a shear-mode transducer were bonded or coupled onto the lateral face of the specimen and the round-trip travelling time of high frequency pulses (typically above 5MHz) in the specimen were extracted to calculate the shear wave speed thus the shear modulus. Note that as the thickness of the specimen is on the same order with the wavelength, actually complicated guided wave propagates in the specimen. Thus, extraction of phase velocity instead of the ground velocity is not straightforward, 12 typically based on the pulse echo superposition method 13 or the pulse echo overlap method. 14, 15 The PUCOT 5, 16 is typically only used for measurement of Young's modulus and mechanical damping. Shear modulus measurement using PUCOT were never reported although torsional oscillation were also excited for damping measurement. 17 The ultrasonic pulse spectroscopy 6 and the magnetically excited resonance method 7 were not commonly used due to their complicated testing components and/or algorithm. The torsion pendulum method is typically only applicable to thin wires (bars) or soft materials, 11, 18, 19 thus it cannot act as a general method for shear modulus measurement and the testing error is relatively large, typically of several percent. 19 As indicated in the ASTM standard, 20 theoretically shear modulus measurement using a cylinder specimen is both simpler and more accurate than that using a rectangular bar. However, experimental difficulties in exciting torsional resonance usually preclude its use in determining the shear modulus. Johnson et al excited the resonant torsional modes in a cylindrical aluminum rod using electromagnetic acoustic transducers (EMAT) consisting of 24 rows of magnets and meander coils and measured the shear wave velocity with very good consistence. 21 Note that the 4 EMAT method is only applicable to metals and the complicated structure of the EMAT makes this method not suitable for practical shear modulus measurement.
In this work, we firstly proposed a piezoelectric torsional transducer based on two thickness-poled, thickness-shear (d 15 ) PZT half-rings. Then, the torsional transducer was bonded on one end of a cylinder specimen to excite torsional vibration and torsional guided waves. Equivalent circuit model 22 was used to analyze the transducer-specimen composite system and the shear modulus of the specimen can be explicitly obtained by measuring the electromechanical resonance of the transducer-specimen system using an impedance analyzer. The non-dispersive fundamental torsional wave T(0,1) can be excited by using this torsional transducer. Thus measurement of the shear wave velocity and then the shear modulus is straightforward. Formulas of the internal friction measurement using these two methods were also presented. Then, both the shear modulus and internal friction measurement were conducted on four types of materials including 1045 steel, aluminum, quartz glass and PMMA. The measurement results were compared with each other and consistent with the reference values. This work provides a quick and highly repeatable solution to the shear modulus measurement on cylinder samples, which can also be used to study the shear modulus variations during or after mechanical loading (tension/compression, torsion, etc.) where circular cross-section specimen are commonly employed.
Principle of shear modulus measurement based on a piezoelectric torsional transducer

The thickness-poled piezoelectric torsional transducer
As mentioned above, more accurate shear modulus measurement can be realized by excitation of torsional resonance in a cylinder sample while the structure of the EMAT to excite torsional vibration is too complicated for practical testing. 19 A piezoelectric torsional transducer should excite torsional vibration of a cylinder sample easily in the contact mode. However, the well-known shear mode quartz oscillator is not a good torsional transducer since its properties are not uniform along the circumferential direction. 17 The currently available Langevin-type piezoelectric torsional transducer is rather difficult to fabricate since it is circumferentially poled 5 after many steps. 23 Note that it is almost impossible to make the synthetic circumferential polarization uniform, especially when its diameter gets smaller.
Here we proposed a novel piezoelectric torsional transducer consisting of two thickness-poled piezoelectric half-rings, which is very easy to fabricate. As shown in Fig.1 , a PZT ring (with the outer diameter D, inner diameter d, and thickness h) is firstly poled along the thickness direction.
After poling, the ring is evenly cut into two half-rings. Then, the top/bottom electrodes were removed and lateral electrodes were spread on the cutting faces of the two half-rings. Finally, the two half-rings were bonded together using conductive epoxy with the poling directions opposite to each other. Thin copper wires were inserted between the bonding faces for electrical excitation/reception. Fig.1 The piezoelectric torsional transducer consisting of two thickness-poled piezoelectric half-rings.
Equivalent-circuit model for the piezoelectric torsional transducer
Theory
We firstly analyze the vibration mode of the thickness-poled piezoelectric half-ring. As shown in Fig.1b , when an electric field is circumferentially applied to the thickness-poled piezoelectric half-ring, there only exists the circumferential displacement in the half-ring, i.e., both the axial and radial displacements should be zero. Furthermore, the electric field should be uniform along the circumferential direction. Thus, we have
Here is the circumferential displacement, Θ is the angular displacement， is the applied voltage and is the electric field.
Then the only non-zero shear strain of the half-ring can be expressed as   
Where 44 is the elastic coefficient in short circuit, 15 is the piezoelectric coefficient, is the electric displacement along the circumferential direction, 11 is the stress-free dielectric constant.
is the mechanical quality factor of the PZT and is the electric quality factor of the PZT.
The equilibrium equation is
where is the mass density of the piezoelectric half-ring. 
The approximate solution of Eq. (6) is
where 1 2
Here is the shear wave velocity of the piezoelectric ceramics in short circuit， is the angular frequency. is the wavenumber whose real part determines the speed of sound and the imaginary part determines the attenuation of the wave amplitude. tan sin
Based on the mechanical boundary conditions:
The transport equations for the vibrations of the piezoelectric torsional half-ring can be obtained to be:
tan 2 sin sin tan sin 2 sin 
Now let us analyze the vibration mode of the piezoelectric torsional ring consisting of two half-rings with the opposite polarization. It can be easily deduced that the transport equation will keep the same form as Eq. (13) 
Experimental verification
To verify the equivalent circuit model of the piezoelectric torsional transducer, we measured the frequency dependent admittance curve of the transducer and the results were shown in Fig.3 where the theoretical results calculate from Eq. (15) factor has no effect on the sharpness of the resonance peak. It only affects the slope of the whole curve, so we use the parameters =50 supplied by the manufacturer. By fitting the testing results, the mechanical quality factor is extracted to be =18. This is not consistent with the manufacturer's value of 65, which may be due to the fact that the quality factor is not only related to the material, but also to the vibration mode. It can be seen from Fig.3 that overall the theoretical curves with =18 can fit quite well with the measured curves, which indicated the validity of the equivalent circuit model.
Shear modulus measurement based on electromechanical torsional resonance
If the above-mentioned piezoelectric torsional transducer is perfectly bonded onto a cylindrical specimen with its diameter equal to the outer diameter of the transducer, as shown in Fig.4 , it is expected that torsional vibration can be excited in the cylindrical specimen. Since the 11 torsional resonance frequency of the cylindrical specimen (typically ~several 10kHz for metals) is much lower than the corresponding torsional resonance frequency of the piezoelectric transducer (~460kHz), the resonance frequency of the transducer-specimen composite system should be very close to the specimen's resonance frequency as the specimen's mass is typically much larger than that of the transducer. 
Equivalent circuit model of the transducer-specimen composite system
Considering the internal friction, the shear modulus of the specimen can be written as
For a single cylindrical specimen, the equilibrium equation for its torsional vibration can be expressed as
,,
The general solution for Eq. (17) is:
where
Here is the complex wavenumber whose real part determines the speed of sound, and the imaginary part determines the attenuation of the amplitude. , , G are the shear wave velocity, mass density and shear modulus of the testing specimen, respectively. is the quality factor of the specimen.
Similar as the derivation process of the equivalent circuit mode for the piezoelectric torsional transducer, based on the boundary conditions of the cylindrical specimen's velocity: (20) and the boundary conditions of the forces: The transport equations of the cylindrical specimen can be obtained as： 
Taking into account the displacement continuity on the transducer-specimen interface, i.e.,
We can get = 。
13
Based on Eq. (22) and the equivalent circuit model in Fig.2(a) , the equivalent circuit model for the transducer-specimen composite system can be derived straightforwardly as shown in Fig.5(a) .
Taking into account the stress-free conditions on both ends, the equivalent circuit model can then be simplified to be Fig.5(b) . From Fig.5b , the admittance of the transducer-specimen system can be obtained as follows:
where 2 tan tan 2 tan tan 2
Experimental validation
14
To verify the equivalent circuit model for the transducer-specimen composite system, the frequency-dependent admittance curves of the torsional transducer bonded on three different specimens (1045 steel bars with the length of 55mm and 100mm, PMMA bar with the length of 55mm) were measured using an impedance analyzer (Agilent 4294A) and compared with the theoretical results based on Eq.(25), as shown in Fig.6 . In the theoretical calculations, the employed material parameters and specimen size were listed in Table I .
It can be seen from Fig.6 that the for all the three testing specimens, the theoretical admittance curves can be very close to the measured admittance curves if using the suitable internal friction ( −1 ) for the specimen, which indicates the validity of the equivalent circuit model. From Fig.6 , it can also be seen that for longer specimen (the 100mm-long 1045 steel bar), the first torsional resonance is almost invisible. This is because that for longer specimens, the first torsional resonance frequency is much lower than that of the piezoelectric torsional transducer, making the vibration amplitude of the composite system rather small thus the first resonance peak is not so significant. For longer specimens, the higher resonance modes can be used to derive the shear modulus. 
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It can also be seen from Fig.6 that with the increasing internal friction, the resonance peak becomes less significant. For the PMMA specimen whose internal friction is very large ( −1~0 .04), all the resonance peaks are almost invisible, as shown in Fig.6(c) . 
Extraction of the shear modulus and internal friction a) Shear modulus
From Fig.6 , we see that the internal friction of the specimen has little effect on the resonance frequency. Thus, to determine the specimen's shear modulus using the resonance frequency, internal friction can be neglected and all parameters are real numbers at this time. 
Where 1 is the first resonance frequency of PZT transducer which can be measured by the impedance analyzer directly.
Note that Eq.(28) is a transcendental equation. With the measured first resonance frequency 1 , the shear modulus G can be obtained with high accuracy by numerical methods.
However, in practical applications, it is not convenient to solve Eq.(25) numerically and an explicit expression for the shear modulus is requested. Bearing in mind that usually ≫ ℎ, when the transducer-specimen system approaches its first resonance, for most specimens we 
That is, the influence of the piezoelectric transducer on the resonance frequency of the composite system can be neglected in this case with the induced testing error less than 2%.
b) Internal friction
Since in Fig.6 , the sharpness of the resonance peak of the admittance curves varied continuously with the varied internal friction ( −1 ), −1 can be extracted by fitting the theoretical admittance curve to the measured curve. When the internal friction of the testing sample is not very large, it can be approximately obtained by using the following formula which was derived following the early work by Zacharias:
is the resonance frequency, is the anti-resonance frequency. is the admittance value corresponding to the resonance frequency and is the admittance value corresponding to the anti-resonance frequency.
Repeatability of the torsional resonance method
Now let us discuss the testing errors of the electromechanical resonance method for shear modulus measurement. As indicated above, Eq.(28) can be used to calculate the shear modulus accurately using the measured fundamental resonance frequency 1 . The total testing errors can then be classified into three types here: i) system errors which are caused by the difference between the 18 equivalent circuit model and the real transducer-specimen system, such errors are inevitable and difficult to estimate, but they can be reduced by calibration; ii) Numerical errors in solving Eq.(28), these errors can be well controlled by using advanced numerical methods and thus regarded to be negligible; iii) transferred errors from the measurement of other quantities, including , , 1 , , , , ℎ, which can be well estimated and controlled. Therefore, the absolute testing errors on shear modulus measurement using this torsional resonance method can be estimated if a standard testing specimen with known shear modulus is used. However, in practice, it is difficult to get such a standard specimen with the exact size and thus the absolute testing errors were not examined in this work.
On the other hand, the repeatable errors can be easily evaluated and good repeatability is especially useful for a practical testing method. Here the piezoelectric torsional transducer is bonded onto the specimen using the 502 epoxy cement, which can be easily removed by using acetone. To estimate the repeatable errors, for the first testing, the transducer was bonded onto the specimen and the specimen's shear modulus was measured, then the transducer was removed from the specimen. For the second testing, the transducer was bonded onto the same specimen again and the shear modulus measurement was repeated. Successive testing can be done similarly. So the difference between different testing on a same specimen is mainly due to the different bonding conditions. In this work, to reduce the repeatable errors, the thickness of the bonding epoxy in each testing is to be controlled as the same as possible. Fig.7 shows that typical fundamental torsional resonance curves of the transducer bonded on a 100mm-long steel bar and a 100mm-long aluminum bar for two measurements. It can be seen that for both specimens, the repeatability errors for the torsional resonance frequency measurement is typically less than 0.1%. According to Eq.(30), the repeatability errors for the shear modulus measurement can be within 0.2%, which is good enough to sense the modulus variations during phase transitions [8] [9] [10] or material degradations. 
Shear modulus and internal friction measurement based on torsional wave propagation
Shear modulus
Since the two-half-ring based piezoelectric torsional transducer is bonded onto the cylindrical specimen, the shear modulus of the specimen can also be measured based on torsional wave propagation. The piezoelectric torsional transducer is expected to excite torsional guided waves in the cylindrical specimen among which the fundamental torsional mode T(0,1) should be dominant. 26 This is because the deformation of the torsional transducer is uniform along the circumferential direction. Since T(0,1) mode is non-dispersive and its velocity always equals that of the bulk shear wave. The shear modulus can then be obtained via the following formula if the shear wave velocity is measured:
Where the density can be obtained by measuring the mass, the diameter and the length of the cylindrical specimen.
20 It should be noted that the torsional transducer is usually excited around (or at least not far from) its own resonance frequency (about 460kHz in this work) to ensure that enough energy can be transferred to the testing specimen. Typically, the resonance frequency of the torsional transducer is well above the cutting off frequency of the second (or higher) order torsional wave T(0,2) in a cylindrical sample. For example, Fig.9 shows the phase velocity (up, solid line) and group velocity (bottom, dashed line) curves of different torsional wave modes in a 12-mm diameter 1045 steel specimen. It can be seen that the torsional transducer's resonance frequency of about 460kHz is even higher than the cutting off frequency of the third order torsional wave mode T(0,3) in the steel specimen. Thus, T(0,2) and T(0,3) modes may also be excited in this case and signal
21
processing should be used to extract the T(0,1) mode. Fig.9 The phase velocity (solid line) and group velocity (dashed line) versus frequency curves for a 12mm-diameter cylindrical steel sample of infinite length
Internal friction
According to Eq.(19)，when the internal friction is taken into account, the wavenumber is a complex number, and the harmonic wave in the specimen can be written as:
Then the logarithmic attenuation  of the torsional wave is calculated to be
The internal friction −1 is expressed as:
Measurement results and discussions
In this work, the shear modulus and internal friction of four types of materials, i.e., 1045 steel, aluminum, quartz glass and PMMA, were measured using both the torsional resonance method and the torsional wave propagation method. The testing results were presented in Section 3.1 and 3.2, respectively. The measured shear modulus and internal friction ( −1 ) of the four types of materials using the torsional resonance method were listed in Table II where the reference values from literatures were also presented for comparison. It can be seen from From Table II , it can also be seen that the measured internal friction ( −1 ) using the approximate formula Eq.(32) are also close to the reference values for the three types of lossless materials.
Measurement results using the torsional resonance method
While for the lossy PMMA, the calculated internal friction is obviously smaller than the reference values. This may be due to the fact that the approximate Eq.(32), which is based on the small damping assumption, cannot be applicable to the lossy materials. Thus, the torsional resonance method is not suitable for internal friction measurement on lossy materials. In addition, since the internal friction measured in this work is for the torsional mode, and the reference values are based on the tension/compression mode or bending mode, it is normal that they differ from each other to some extent.
Measurement results using the torsional wave propagation method
Shear modulus and internal friction measurement were also conducted on the four types of materials based on the torsional wave propagation method using 5-cycle or 7-cycle Hanning windowed sinusoidal signal with the central frequency of 150kHz. However, it should be noted that this approach works very well for the lossless materials, such as the steel, aluminum, quartz glass measured in this work. For lossy materials, such as the PMMA bar measured in this work, the second echo is almost invisible, as shown in Fig.10 (c) and 10(d).
Therefore, to measure the internal friction of lossy materials using the wave propagation method, short specimens are preferred to and large testing signals are required. It should be noted that the received wave signals in Fig.10 are frequency dependent. Fig.11 shows the measured frequency dependent velocities for the four types of materials. It can be seen that for the three lossless materials, i.e., 1045 steel, aluminum, and quartz glass, the measured torsional wave velocity slightly increased with the testing frequency below 200kHz. This is partially due to 25 the fact that at low frequencies, the time of flight between the reflected signals cannot be accurately determined because of the large wave length at low frequencies (about 22mm for the 1045 steel at 150kHz, more than 1/10 of the specimen length). When the testing frequency is above 200kHz, the measured torsional wave velocity turns to be stable for all the four types of materials. Therefore, when measuring the torsional wave velocity of the cylindrical specimen, typically high frequency signal is required. In our experiences, the testing wavelength should be smaller than 1/12 of the specimen length.
The measured stabilized shear wave velocity, shear modulus and internal friction for the four types of materials are listed in Table III . It can be seen that for all the four types of materials, the measured shear modulus is very close to that measured by using the torsional resonance method, and also consistent with the reference values, which indicates the validity of both methods in shear modulus measurement. As to the internal friction measurement, for the three types of lossless materials, the measurement results using the wave propagation method are also very close to that by the torsional resonance method. The measured internal friction of PMMA, which is 30.7E-3, is also consistent with the reference values of (20~100)E-3. As mentioned before, the approximate Eq.(32) is not suitable for internal friction measurement on very lossy materials based on the resonance method. Thus, for shear mode internal friction measurement on lossy materials, the torsional wave propagation method seems to be the unique solution if the torsion pendulum method cannot be applicable. 
Discussions
From the measurement results in Table II and Table III and the measurement principles in Section 2, it can be seen that for shear modulus measurement, if the specimen is not very long (say less than 100mm), the torsional resonance method is better than the torsional wave propagation method for its easy use and very good repeatability. The torsional resonance method can also be applicable for shear modulus measurement on long specimens using high order resonances, while in that case, extra efforts should be taken to identify the resonance order and the shear modulus calculation formula would be more complicated. So for long specimens, the wave propagation method is suggested.
With regard to the internal friction measurement, as discussed above, the resonance method cannot be applicable to lossy materials which can be measured using the wave propagation method. It should be noted that although both the resonance method and wave propagation method work well for the internal friction measurement on lossless materials, very accurate measurement on internal friction is not possible because the interface effect between the transducer and the specimen cannot be exactly modelled. For the lossless metallic materials, the internal friction can be accurately measured based on the contactless electromagnetic acoustic resonance method (EMAR). 27 While the EMAR is not applicable to non-metallic materials whose internal friction can be accurately measured based on the wave propagation method using very long specimens.
Conclusions
In summary, we proposed two shear modulus measurement methods based on torsional resonance and torsional wave propagation using a same piezoelectric torsional transducer. The shear modulus measurement principles for both methods were derived and that for internal friction measurement were also presented. Testing results show that the torsional resonance method is more suitable for shear modulus measurement on short or middle-length bars (below 100mm) with high repeatability better than 0.2%. For longer specimen, the torsional wave propagation method is more suitable. As to the internal friction measurement, both methods works well for the lossless materials while for the lossy materials, only the wave propagation method is applicable. The proposed two methods using only one torsional transducer provide a quick and reliable solution to 27 shear modulus and internal friction measurement, which can be widely used in near future.
